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Electromagnetic Interpretation of the Massless
Spin-1 Field Equation in Curved Space-Time
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Received January 17, 1996

The source-free Maxwell equations associated to the massless spin-1 free field
equation are considered in curved space-time. The gauge invariance of the theory
is discussed by using as starting point the notion of the spinor potential. The
structure of the electromagnetic field in the case of the Robertson—Walker space-
time is discussed by using the solutions of the massless spin-1 equations previously
determined. The flat-universe case of the standard cosmology is studied exactly
and considered in some limiting physical situations.

1. INTRODUCTION

The spinor formulation of the complete source-free Maxwell equations
in curved space-time V(,F, = 0, V,F® = 0 can be expressed, as is well
known, in terms of a symmetric massless spin-1 field ¢ satisfying the equation
VA, = 0 (e.g., Penrose and Rindler 1986). The theory is established using
as starting point a vector potential from which a tensor is constructed that
is interpreted to represent the electromagnetic tensor field and that possesses
the usual gauge invariance. The formulation is consistent in a general space-
time and it does not suffer from the consistency problem of similar equations
for higher spin {Buchdahl, 1958, 1962, 1982; Wiinsch, 1978; Penrose and
Rindler, 1986; lilge, 1992).

The potential can also be introduced in a general way in tensor form as
directly associated to the spinor ¢, independent of the equations of motion
and possessing the gauge invariance of the flat space-time model (lllge,
1988, 1992).

In this paper we reconsider the source-free Maxwell equation in spinor
form along the line of the work by Illge. The theory is developed by taking
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into account the standard 1-1 correspondence (given by the o-matrices)
between tensors and spinors. Some remarks on the gauge invariance of the
theory are given and it is shown that the theory can always be described
by spinor potentials corresponding not only to complex but also to real
vector potentials.

The structure of the electromagnetic tensor field is determined in the
case of the Robertson—Walker space-time. The calculations are performed
by using the separated solutions of the massless spin-1 field equation obtained
elsewhere (Zecca, 1996). The results are then applied to the standard cosmo-
logical model for r, t near zero. In the flat RW space-time the solutions of
the field equations can be given in a complete analytical form. As a conse-
quence, the electromagnetic tensor can be obtained explicitly. In the case of
the Einstein—deSitter model the physical situation relative to large r,  values
is considered.

2. PRELIMINARY RESULTS

We recall some definitions and preliminary results concerning spinors
and tensors in a four-dimensional space-time of class C” with metric signature
(+, —, —, —). Since we will deal with massless spin-1 field equations whose
formulation is consistent in general, no further properties on the space-time
manifold will be required. The standard 11 correspondence between complex
tensors of rank n and spinors of type (n, n) will be denoted by <. The
correspondence is provided by the Infeld—van der Waerden quantities oy
having, among others, the properties

hx = ol ol¥ohy = 33 ()
It is immediate that if A; <> x,x, then
A=A S Xax = Xxa (2

Another standard result concerns bivectors, that is, real antisymmetric tensors
of second rank. A second-order tensor Fy is a bivector if and only if its
spinor equivalent has the form (Penrose and Rindler, 1986)

Fy © bapexy + €4pbyy 3

where ¢ is a symmetric spinor. Moreover, if 4, is the complex vector field
equivalent to the spinor field x.x, then

ViAp © HleasVeaxh — exrVaxazl 4)

The relation easily follows by decomposing the expression Vaxxsy — VarXax
into parts symmetric and antisymmetric in A, B (e.g., Pirani, 1964).
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Proposition 1 (Ilige, 1992). Let d45 = ¢4 be a given symmetric spinor
field. Then there exist a divergence-free spinor field x (V4*x,x = 0) such that

bas = Vixax ®)
Conversely, if x is a spinor field satisfying the equation
bap = V(A;XA)X (6)

and w is a scalar function, then the spinor field
Xax = Xax T Vaxw (7
satisfies equation (6), too.

After Proposition 1 it is natural to call the spinor x satisfying equation
(5) the porential of the field ¢. The potential x is defined up to a gauge
transformation generated by the scalar function w as in equation (7). If also
{ is required to be divergence-free, then w is subject to the condition V'V,
= 0 as follows from equation (7), x being divergence-free.

Even if the results of Proposition 1 do not make use of equations of
motion, the analogy with the usual relation between the potential and the
electromagnetic field is enlightening. Supported by the degrees of freedom
of the gauge invariance, this analogy can be made more stringent.

Proposition 2. The spinor potential of Proposition 1 can always be
chosen to have both properties
Xsv = Xis,  V¥xax =0 )

Proof. Let xax be a fixed divergent-free solution of equation (5) and let
A, be its vector equivalent. To obtain the result, consider the gauge transforma-

tion Xax = Xax + Vaxw and require §.x = Xxa- This implies xax — Xxa =
Vi@ — Vo or, in terms of the corresponding equivalent vectors, A; — A;
=V — Vo = (0 — w). By setting b, = JA;, v, = Jw, we have that
the gauge function is then subject to the constraint

bk = "ak(x)g (9)

The first condition of the proposition is therefore satisfied by choosing w,
to be a solution of equation (9), that is,

4 Xi
w; = _2 J by(y) dy; (10)

Consider now that
VAX.)A(AX = VAXVAX(D = V"Vku), + iV"kaz ((1)1 = SR(.I.))

By using also equation (9) we have V¥V, = —V*b, = 0 because xux < 4,
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and V* is a real operator. Therefore %4y is divergence-free, too, if and only
if @, is a solution of V¥V,w; = 0. =

Even with a potential having the properties (8), the theory is still invariant
under a gauge transformation generated by a gauge function w subject to
ViV, Ro = 0, with Jw being taken fixed.

Moreover, if the potential x satisfies the first condition (8), then by
taking the complex conjugate of equation (6) we get

bxr = Véxno (11)
Therefore, by combining equations (3), (4), (6), and (11) with A; + x4x we have
2V[iAk] + Fik =0 (12)

which represents the connection of the field with the potential in tensor form.

3. THE SOURCE-FREE MAXWELL EQUATIONS

The complete source-free Maxwell equations can be written in spinor
form as

VA$p = 0 (13)

¢ is a symmetric spinor. These equations are consistent in arbitrary curved
space-time (Wiinsch, 1978; Penrose and Rindler, 1986). If, according to
Proposition 1, x is the spinor potential of the spinor ¢,

das = Vixax (14)

then as a consequence of equation (13) and the Ricci identities in spinor
form, x satisfies the equation

VEVxazy = 0 (15)

and conversely if x satisfies equation (15), then ¢ defined by equation (14)
satisfies equation (13) (Ilige, 1992). If one assumes the Lorentz gauge, that
is, VAXy.x = 0 for the potential x (see Propositions 1 and 2), then equation
(15) can be developed to give (llige, 1992)

VarV*¥%ex — 20,5x4 = 0 (16)

and hence, in terms of the curvature spinors ®, X (e.g., Penrose and Rin-
dler, 1986),

VarV* % sx — 2®paxex*t + 6Axz; = 0 (17)

(A = £X4B), which is equivalent to
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VdVdAa - RadAd =0 (18)

A, < xax and R, is the Ricci tensor. Equation (18) represents the tensor form
of the equation for the electromagnetic potential in a curved space-time.
According to the previous considerations, the electromagnetic field can
equivalently be described in tensor form by equations (18) and (12) or in
spinor form by equations (13) and (17), and the spinor potential x can always
be chosen as corresponding to a real vector potential.
To complete the physical interpretation, we develop the expression

Fop = 05%0} (dasexy + €4sbxr) (19)
using the generalized Pauli spin matrices

oAX = 1( "a _”‘:) 20)

—m, la

{£, ni, m', m*} is the given null tetrad frame (e.g., Chandrasekhar, 1983).
We get
Fu = 3 {boo(—namf + nym¥) + di(—maly + Imy)

+ bo(naly — m¥my, + mgm, — In,) + CC} 21
a, b =0, 1,2, 3. If one considers the Minkowski tetrad

e = (1//2X1, 0, 0, 1)
n® = (1/42)1,0,0, —1) (22)
m® = (1/2)0, 1, —i, 0)
m*e = (1/./2)(0, 1, i, 0)
then the o-matrices (20) become the Pauli matrices modulo I/ﬁ and the

corresponding F,; components are interpreted to give by definition the electric
and magnetic 3-vector fields E, B (e.g., Penrose and Rindler, 1986):

Foy = (oo — b1 + b0 — d1p) = E

Foo = + &1 — oo — &11) = E;

Fo3 = —3(dn + o) = Es (23)
Fy, E%@’m ~ &o)) = —B;

Fi3= —Hdow + b + 1y + d11) = B,

Fy3 =4d1 ~ 11 — doo + dog) = ~B,
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4. THE ROBERTSON-WALKER SPACE-TIME

The solution of the theory developed in the previous sections could be
done, in principle, by applying to equation (13) the generalized Kirchhoff—
d’ Adhemar formula (e.g., Penrose and Rindler, 1986). An alternative way is
directly in the line of the Newman and Penrose (1962) formalism. By making
use of the relation V3 = 0%4xV, and of the explicit expression of the covariant
derivatives in terms of the tabulated spin coefficients (Chandrasekhar, 1983;
Penrose and Rindler, 1986), we find that equation (13) is equivalent to
a system of four coupled linear equations each of the first order in the
directional derivatives.

In the case of the Robertson—Walker space-time of metric

8w = diag{1, —R*()/(1 — ar?), —RX(t)r?, —R*({#)r? sin’6}
(a=0, %1)
and by using the tetrad

la

L R 0,0
a2\ Tt

—= R , 0, 0) (24)

1
a 1,
" ﬁ( J1 —ar

m, = % (0,0, —1, —isin 0)

m¥ Er—-Ii(O, 0, —1, i sin 0)

7

such a system of equations can be explicitly integrated by a separation method
that generalizes the Chandrasekhar—Teukolski procedure (Zecca, 1996). The
separated solutions have the form

boo = $o(r)Se(8) exp(ime) T(r)
b1 = b0 = &1(r)S1(0) exp(ime) T() (25)
b1 = bg(r)S,(0) exp(imeo) T(1), m=20, =1, *2, ...

B, tdr
@) = —ik | ——
© =R e"p[ ' L R(r')]
R(?) is determined by the underlying cosmological model; & is an integration

constant. The explicit form of the real angular functions Sy, Sy, S, for a =
0, 1, —1 and of the functions &, ¢y = ¢, near r = 0 fora = *1 and in a
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complete form for a = 0 can be found in Zecca (1996). Accordingly the
electromagnetic field becomes

B,S1(9)
F"_ P — —_
= R(I)W {cos( meo kJ RG ))Eﬁcbl(r)

— sin(m(p - kf R‘Z ))S(bl(r)}

B d.
Fo =3 Rgt) r{cos(mtp - kf R(t ))(50(9) S20NRPo(r)

_ sin(m(p - kj Rit ))(So((')) + Sz(e))3¢o(r)}

. . d
Fg = ZR?t) r sin e{sm(mcp - kJ R(t ))(So(e) + 52(8))RDy(r)
+ cos(mcp - kJ R‘? ))(SO((-)) Sz(ﬁ))SCDO(r)} (26)

Fo= zm r{cos( me — kI RG ))(So(e) + 5,(8))RDPy(r)

- sin(mcp - kf R‘ft ))(50(9) sz(e»%cbo(r)}

_ By . _ dt'
Frp= ————2\/1_75_2. r{sm(mcp kJ R ))(So(e) S20)RD(r)

+ cos(m(.p — kJ Rit ))(50(9) + Sz(e))gq)o(r)}

dt’
R(')

+ cos(mcp - kf R‘it ))Scb.( )}

The structure (26) now will be considered in special physical situations.

Fop = B,y sin 6 Sl((-))rz{sin(mcp -k r )Eﬁtbl(r)

(A) As mentioned above, the behavior of the spinor field near r = 0
is known:

by~ AWV (4 =0, 1) 7
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N=Ill+1),l=Iml,1=23,....If we now assume the cosmological
background to be given by the standard matter-dominated cosmology, then
(Kolb and Turner, 1990)

K
=9  ,2+lal6 -0 +
RO = 1% —raie" @=0.=D @8)
for t — 0, K, a constant. Therefore for small ¢, r equations (26)—(28) give
—Cp15:(0)

1/2-1al Aa2+l2-
F,, ~ W COS(m(p - Kakt a/6) pl@rs+n 3

C
Fo~ t“z““% [So(8) — S(8)] cos(me — K kt'2'a16) FlaZ+nt2-11n

C
Fo~ tf’fszm [S6(8) + S,(8)] sin(me — K kr'2~1e6) pI@2+D12-112 (59

Fjg ~ CialSo(8) + S5x(0)] cos(me — K kr'~'a6) pl@x?+n12-112

Frg ~ CislSo(8) — S(8)] sin(me — Kkr!2~1a6) pith>+ni2-12

Foy ~ Cp3 sin 0 8,(0) sin(me — Kkr'2~al6y pi2+ 0124102 5 = g+
(B) The flat-universe case of the Robertson—Walker model can be treated

exactly. For a = 0 we have (Zecca, 1996)

by = e—ucrd)(w +d; 1+ (4N + 1) 2,~k,),1<4x2+1)"2—31/2
2 * *

(30

d = 0, 1, &(a; c; x) is the confluent hypergeometric function, and k is an
integration constant.

It is of some interest to consider the electromagnetic field for large r.
By using the asymptotic behavior

I'©) , .- _T
(a; b, x) ~ —= &x*°¢
YaEED T T T -

(Abramovitz and Stegun, 1970), we have from a straightforward calculation
that for large r, ¢, has the form

da ~ AdN, r 2+ explilkr + a\)])
4 I'(1 + (4\2 + 1)'?)
47 (@2 + )“2/2 + 12 + d)

(=x)~*

2 k)d—((4x2+1)l/2+1]/2 (31)

1 2
= — R + 172 —
=5 [d 2772 (4}\ 1) ] d=0,1
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Suppose now that R(¢) is the one determined by the standard cosmological
model with comparable contributions to the energy density from both matter
and radiation (@ = 0). Then for large ¢ (Kolb and Turner, 1990)

R(t) = 3 3, K, constant 32)
Ky

In the limit of both large ¢ and r the electromagnetic tensor has therefore
the behavior

_AIBOKO 3
v cos(me — kKot'® + kr + ap) $,(0)
AoBo K,
Fo~ —gﬂ‘;——;’ (S, cos(me — kKot'® + kr + o)

- S2 COS(m(P - kKotlB — kr — (!0)}
ApByK, sin 6
~ % [So sin(me — kKot + kr + o)
+ S, sin(me — kKot — kr — ay)) (33)
AoB,
2r
+ S, cos(me — kKt'® — kr — ay))
AoBy
r
— S, sin(me — kKyt'® — kr — agp)}
Fay ~ A, By sin 0 5,(0)r sin(me — kKot'” + kr + ag)

Fi

Fq {So cos(me — kKot'® + kr + ay)

Fry {So sin(me — kKot'® + kr + og)

The only term that in the considered limits does not approximate zero
is Fgy, Which indeed increases with r. This divergence is not a contradiction on
physical grounds because our considerations are based on “monochromatic”
solutions [see equations (25), (31)].

Finally we remark that the problem of determining the potential x in
equation (14) once ¢ is a known given solution of (13) does not seem to be
easy. Also in .the Robertson—-Walker model, by developing the right-hand
side of equation (14) as in Zecca (1996) one is left with a system of four
coupled equations each of the first order in the directional derivatives. These
equations do not seem to be separable, even by assuming the known term ¢
to have a separated form like that of equation (25).
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